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The objective of this paper is to present real-time, on-line, minimum-time three-dimensional turn to a point of
supersonic aircraft. The analytic aspect of the theory of optimal trajectories is emphasized. This includes the
general properties of optimal trajectories consisting of the integrals of motion and the characteristic features in
engine and aerodynamic controls. By using the integrals of motion the totality of the optimal trajectories can be
obtained as a family of curves depending on a certain number of arbitrary constants. The optimal control is
obtained by geometrical method through the domain of maneuverability. This makes explicit the switching
characteristics of the optimal control, in particular when singular or chattering control is involved. The op-
timality of singular thrust control and the optimal junction of different subarcs are analyzed. The computation
of the optimal trajectories is carried out using the aerodynamic and engine characteristics of a lightweight, high
thrust-to-weight ratio supersonic fighter. By using normalized control variables, i.e., the thrust-to-weight ratio,
the bank sngle, and the load factor, results can be applied to any supersonic aircraft.
Nomenclature vV =velocity
a =speed of sound =a{Z) given as a tabular 4 = velocity vector
function; dimensionless aerodynamlc w = welght.of alrcraft
force=A/W . X, 0,2 - =Cartesian coordinates
A =aerodynamic force X, Y,Z = Cart;siap coordinates
Cp =drag coefficient=Cp, (M) +K(M) c X =longitudinal range
Cp, = zero-lift drag coefficient = Cp, (M) Y =lateral range
C, =constants of integration, wher¢ i =0,1,... z =altitude
C, =lift coefficient o =angle of attack
c: =lift coefficient corresponding to Y =flight path angle
E* (M) =C} (M) =VCp, (M) /K (M) A =defined as M?C} (M) /w
L = maximum hft coefficient=C L ( M) ¢ =thrust control parameter = T/ Tmax (M,Z )
d ™ =dimensionless drag force = o =atmospheric density = p(Z ) given as a tabular
D/W=1/2E*[A+ (I2/A) ] referred to as the . function
parabolic drag polar -~ - ‘ T =thrust-to-weight ratio = T/ w
D = drag force = Y4p(Z) V28C,, T max =maximum thrust-to-weight ratio =
E* = maximum lift-to-drag ratio = E* (M) = Tmax (M,0) =T, /W
1/2VK (M) Cp,, (M) ¢ =bank angle
g =acceleration of the gravity = const v =heading
H = Hamiltonian w =dimensionless wing loading=2W/kp(Z)S
H* =maximized Hamiltonian Subscripts
H " =reduced Hamiltonian=P-a . .
a* =maximized reduced Hamiltonian ¢ = chattering condition
k =ratio of specific heats=1.4 S = fmal' value
K =induced drag factor max = maximum value
/ = dimensionless lift force=n=L/W min =minimum value .
L =lift force = V2p(Z) V2SC, M =logarithmic derivative as in
M =Mach number = V/a(Z) Fy =dlogF/dlogM=M/F(dF/dM)
n =load factor=/=L/W=M?C, /w 0 =initial value
ng = physiological/structural constraint on n
p =ambient pressure=p(Z) given as a tabular Introduction
function HE advancement of present-day aerospace technology
p =see H . . . . has led to the production of a new generation of fighter
P =adjoint variable associated 2w ith state varxazlble § aircraft. The development requirements of these aircraft have
g - dynamlc pr?fsspr M =f:) () V2 72=kp(Z)M*/2 motivated a considerable effort to analyze their optimum
P : m:eg area ot aircra maneuvers at very l'_xigh speed: ! In pptimum maneuvers _of
T = thrust magnitude = {T. ' (M, Z) supersonic aircraft in .three dxmepsmns, a straightforward
max -
T, — maximum thrust = Tmax M,2) application of the maximum principle always leads to a two

point boundary-value problem involving several arbitrary
parameters. . Furthermore, the complexity of the problem
increases with the combination of three control variables, i.e.,
7, ¢, and n, which are subject to various constraints. Hence,
the optimization problems solved thus far generally have been
reduced-order problems with constraints on.the state so that
the flight is either on a horizontal plane?* or on a vertical
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plane.>® In the analysis of three-dimensional supersonic
aircraft maneuvers, simplified approximate solution can be
obtained from a reduced-order model based on energy-state
approximation.!®12- In general, for any specified aircraft
characteristics, when direct numerical optimization technique
is applied, the structure of the optimal control, in terms of the
thrust and aerodynamic modulation, is not characteristically
displayed and the general behavior of the optimal trajectory is
not clearly understood except for the specific example con-
sidered. Results obtained from this kind of pure numerical
technique are restricted to a particular set of terminal con-
ditions for a specified aircraft model. In this paper the
maximum principle is used to analyze three-dimensional

turning performance of a typical lightweight, high thrust-to- -

weight ratio supersonic fighter.! The aerodynamic and engine
characteristics are modeled as continuous functions of state
variables. In addition, several techniques are used to alleviate
the difficulties encountered in the problem.

Equations of Motion
If the thrust is considered as nearly aligned with ¥, the
motion of a point mass lifting vehicle over a flat nonrotating
Earth, with the assumption of symmetrical flight, is governed
by the following set of nonlinear ordinary dlfferentlal
equations. !

, . T-D

X = Vcosycosy V=g (———— - sin'y)
, w

, Lcos

Y= Vcosysiny = §V( W¢ —cos'y)

Lo . g L sin :
Z = Vsin == —— 1

g v V W cosy . )

The duration of the three-dimensional turning flight is
relatively short so the weight is considered practically con-
stant. In Eq. (1) the aerodynamic force A is decomposed into
a drag force D opposite to ¥ and a lift force L perpendicular
to V; the thrust is always on the lift-drag plane. We evaluate
the aerodynamic force using a rotating coordinate system
Mxyz with the origin M at the center of the mass of the air-
craft, the x axis along V, the z axis along the lift force, and the
¥ axis completing a right-handed system (Fig. 1). To fix the
orientation of the rotating axes, the local horizontal system
MX,Y,Z, is used. It is defined as the system with the origin
M having its axes always parallel to the Earth-fixed reference
system OXYZ. To go from the MX, Y, Z, system to the Mxyz
system it is necessary to pass through two intermediate

VERTICAL
PLANE

X2

HORIZONTAL

Fig. 1 Aerodynamic forces,
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systems, Mx,y,z; and Mx,y,z,. The former is obtained from
the MX,Y,Z, system by rotating y about the Z, axis; the
latter is obtained from the Mx,y,z; system by rotating y
about the y, axis. The Mxyz system is then obtained from the
Mx,y,z, system by rotating ¢ about the x, axis. By con-
trolling the ailerons, the rotation of L about ¥ creates a
lateral component of L. This is assuming that L is rotated by
means of ¢ out of the vertical plane containing V. Hence, ¢ is
the orientation of A4 with respect to this plane; it is the angle
formed by L and this plane. The vector L is thus decomposed
into Lcos¢ which lies on the vertical plane and is per-
pendicular to ¥V, and Lsin¢. which is perpendicular to the
vertical plane. As seen in F1g l, V, Lsing, and Lcos¢,
respectively, lie along the x, axis, y, axis, and z, axis of the
Mx,y,z, system. Hence, it is approprlate to decompose A
along these axes so that ‘

A= —Di, +Lsingj, + Lcosok, 2)
where (i, j,. k) is the set of unit vectors associated with the

Mx,y,z, system. In the Mx,y,z, system the dimensionless lift
force I and the dimensionless drag force d are, respectively,

I=Isingj, + Icosdk, 3)
and
d= —di, S O
Using Eq. (2), ais
a= (—di, +Isingj, +lcospk,) =d+1 %)

Because of the lift-drag relation, the flight is controlled by C;
(which is equivalent to a), ¢, and 7.

Optimal Control
The Hamiltonian to the variation problem is

H=P, Vcosycosy + Py Vcosysiny + P, Vsiny

T-D :
+Pyg( —sin'y)

g L smcb
—cos 7) Py o ©)

P_

(5

w
where P, fulfills the adjoint equation

IH*
a7 = — 6]
dt as

where H* is the maximized Hamiltonian. Since X and Y
coordinates are ignorable, the following integrals can be
obtained.

P,=C,, pP,=C, : )

In addition,

dP
dtw =P, Vcosysing — Py Vcos'ycos‘//— — (C, Y-C,X) (9)

produces another integral
P,=CY-C,X+C; 10)

The fact that H is independent of ¢ produces the fourth in-
tegral

H=C, an
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The problems considered here are minimum-time problems.
Hence, to maximize H, C,>0 has to be true. By using the
Hamiltonian integral only two of the three remaining adjoint
variables P, Py, and P, need to be found. In vertical flight
all three variables are involved, causing difficulty in solving
the optimization problem. This difficulty is also presént in
three-dimensional flight problems. As compared to vertical
flight, three-dimensional flight has two more variables, i.e., Y
and ¥, that may pose a problem. in obtaining the optimal
solution. However, Py and P, associated with Y'and y, have
been found in Egs. (8) and (10), respectively. In horizontal
flight P, and P, are not present, and the remaining Py, is
given by the Hamiltonian integral. The problem is completely
solved by Lin in Ref. 1.

The load factor n is used as a lift control variable to
represent «. Because of physiological/structural constraint, »
is bounded by an upper value n,. On the other hand, C; is
bounded by an upper value CLmax (M) which is a function of
the Mach number. Hence, the bounds on 7 are

MCy L (M) ] 12)

.
Inl <n,, =min. [ns, —m—————w

where n.., is the maximum permissible load factor for either

C,=C,_,, or n=ng. Constraint Eq. (12) on n assumes that ¢

is unconstrained. However, if ¢ is subject to the constraint

6l <. 3)

where ¢, can either be a constant or a function of the state
variable depending on the problem considered, then con-
straint Eq. (12) on n becomes

nminsnsnmax ‘ (14)

where n,;, is the lower bound of n which corresponds to
C; > i-c., the lower bound of the lift coefficient. The
domain of flight! may be further restricted by the line of
maximum dynamic pressure ' :

2max _

S
M = —
kp W

e BNGE)

and the line of maximum Mach number obtained by solving
the equation dV/dt=0 with r=r1_,, so that

max

Tmax = @+ siny ‘ (16)

Hamiltonian Eq. (6) is rewritten as

H=C, Vcosycosy + C, Vcosysiny + P Vsiny

AN
+Pyg[§‘-rmax(M,w) ~ 35 (A+ X) —smy]

gnsing

17
Veosy 19

' g
+P, % (ncos¢—cosy) + P,

In this formulation, the control variables are {, ¢, and n
where { is subject to the constraint 0<{=<1. For unbounded
¢, n is subject to constraint Eq. (12). However, for bounded
¢, n is subject to constraint Eq. (14). It is assumed that
Cp, (M), K(M), and C, (M) are known functions of the

Mach number, and that 7,,, (M,w) is a function of both the -

Mach number and w. For numerical computation, we use the
data of a supersonic fighter assembled by Lin,! but the same
procedure can be applied to any other set of data.

AL g,
AL ek
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Optimal Thrust Control

For the thrust control, we consider P, called the switching
function. To maximize H, if

P,>0, ¢=1 boost arc
P,<0, =0 coast arc - (18)
P,=0 {=variable sustained arc

for te[t;,t,]

The last case of sustained arc is the singular thrust arc along
which the thrust is at an intermediate level.. The optimal
trajectory is a combination of boost arc (B-arc), coast arc (C
arc), and sustained arc (S arc). - -

Optimal Aerodynamic Control

The aerodynamic control consists of ¢ and n, i.e., /. Figure
2 shows the domain of maneuverability described by the
terminus of a. This domain of maneuverability is a surface of
revolution T about the x, axis. It is bounded by constraint Eq.
(12) in the case where ¢ is unbounded; it is bounded by
constraint Eqgs. (13) and (14) in the case where ¢ is bounded.
The domain of maneuverability is a parabolic drag polar on
the plane formed by the x axis and the z axis. In order to
obtain the optimal aerodynamic control, H is expressed in
another form as

P, ( 12) P, . P
=gl - - — 2] ] ... (19
H g[ 2B A+A + Veosy sing + % coso | +. .. (19)

where the remaining terms are independent of / and ¢.

In obtaining the optimal aerodynamic control, it is suf-
ficient to reduce A to that which contains only / and ¢. By
using the parabolic drag polar the reduced Hamiltonian is
then . ) .

i

- p, . P B
H=-P,d+ Vc;s'y lsing+ ) lcosp 0)

This reduced Hamiltonian can be régarded as

H=P-a 21
with
P=P,i, +P,j,+P;k, ' @2)
where
P, =15V, P,=P,/Vcosy, Py=P /V  (23)

F ig. 2 Domain of maneuverability for the aerodynamic force.
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To obtain the optimal aerodynamic control, a has to be
chosen so that at every instant A reaches its maximum. In the
domain of maneuverability, this optimal condition leads to
the selection of the optimal a such that the projection of a on
P is maximized. For this, the “four different arcs of the
aerodynamic. control are 1) interior bank angle and-interior
load factor, 2) interior bank angle and boundary load factor,
3) boundary bank angle and interior load factor, and 4)
boundary bank angle and boundary load factor.

For the first two arcs where ¢ is -unbounded, the
aeodynamic control law requires that @, whose terminal point
touches a plane which is tangent to & and concurrently per-
‘pendicular to P, be obtained (Fig. 3). In order to satisfy this
optimal condition, the following procedure is considered.
First, a plane which is tangent to ¥ and contains a point in
contact with the terminus of a is always perpendicular to the
lift-drag plane. Therefore, in order for this plane to be per-
pendicular to P to satisfy the preceding optimal condition, the
lift-drag plane must contain P. This can be achieved by

rotating the lift-drag plane away from the vertical plane about.

¥ by a certain angle ¢ as shown in Fig. 3. This causes / to lie

on the projection of P on the plane formed by the y, axis and

Z, axis, as represented by A in the figure, where
A=eVP;+P2;

Yy . . . .
Hence, the above optimal interior ¢ can be obtained by

e=x] (24)

Ising/lcos¢p=P,/P;, i..,tang=P,/P, cosy (25)

which is equivalent to the maximum of A-/.
Under this optimal condition P is expressed as

P=P,i+ Ak (26)
that is, it is on the lift-drag plane as shown in Fig. 4a, where
a=—di+lk - @n

The set of vectors (, j, k) in Eqs. (26) and (27) represents the
unit vectors associated with the Mxyz system. As seen in Fig.
4a, when [/ varies within constraint Eq. (12), a=(—-d,/)
describes the domain of maneuverability which is the
parabolic drag polar. To maximize A, ! has to be selected so
that at the terminus of a the tangent to the parabolic drag
polar is perpendicular to P. This results in an angle 8 formed
between this tangent and the z axis having the same value as
the angle 8 formed between P and the x axis. Hence,

28)

al

tanB—a—d i.e i\——
I A P,—AE'

Fig. 3 Optimal aerodynamic force.
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 leadsto
A2EY? p?
n= ( 2 ¥ ) ) 2
V2ps P+ cos?y ‘ @9)

By applying Eq. (25) to the preceding equation, we have
n=AE*P, VP cosé (30)

If P, with components P, and A, is inside the angle A, MA,,
then the optimal load factor used is an interior load factor as
given in Eq. (30). As seen in Fig. 4a, a necessary condition for
interior n is that P, >0, i.e., P, >0. From condition Eq. (18)
interior n is used with B arc. In addition, for positive interior
n it is necessary that e=1; for negative interior n, it is
necessary that e= —1. If P is outside the angle A;MA,, then
the optimal load factor used is boundary load factor, either
n=—ng, or n=n.,, depending on whether H}>H} or
H3 > Hj, where

H}=P-a, H=P-a, = G1)

with
a;=(~d, ~ny,), a,=(—d,ng,,) (32)

If €>0, then A3> H?, hence n=n,,,. If <0, then H}>H3,
hence n=—n_, . It is clear that when P; <0, i.e., when
P, <0, boundary 7 is used. This, of course, isona Cor S arc.
On the other hand, a B arc can be flown with either an interior
or a boundary n. In the case P= P, where H}= H3 for a finite
time interval, i.e., when P, <0 and A=0 for a finite time
interval, there may exist a chattering control with C arc in
which n rapidly switches between —n_,, and n_,, in order to
maximize the deceleration. In the case where P,,>0and A=0
for a finite time interval, there may exist a period of flight
with Barcand n=0. ’ ’
For the third and the fourth arcs where ¢ is bounded,
whenever ¢ as computed by Eq. (25) exceeds ¢, the op-
timal bank angle is on the boundary ¢=¢,, . Otherwise,

a. ¢ Unbdunded

b. ¢ Bounded

Fig. 4 Domain of maneuverability for the load factor: a) ¢ un-
bounded and b) ¢ bounded. ’
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interior ¢ is used and n is either in the interior or on the
boundary as described previously. When ¢=¢,_,,, P in the
reduced Hamiltonian Eq. (21) becomes

P=Pi+Q,k (33)
where
Q= P, COSG /¥ + Pysing ,, / Veosy (34)

that is, it is also on the lift-drag plane as shown in Fig. 4b. As
in the first two arcs where ¢ is unbounded, when / varies
within constraint Eq. (14), a= ( —d, /) describes the domain
of maneuverablllty (Fig. 4b) which is the parabolic drag
polar. To maximize H, I must be selected so that at the ter-
minus of a the tangent to the parabolic drag polar is per-
pendicular to P. This results in an angle 8 formed between this
tangent and the z axis having the same value as the angle 8
formed between P and the x axis. Hence,

ad Q !
=—, le, —= 35
tanf 3l i.e P, ~aE (35)
leads to
- sing .. ) 36
n VP,, (P cos<z$max _L—_—cosy (36)

If P, with components P, and , is inside the angle A,MA,,

then the optimal load factor used is an interior load factor as

-given in Eq. (36). As seen in Fig. 4b, a necessary condition for
interior n is that P, >0, i.e., P;,>0. From condition Eq. (18),
interior n is used with B arc. If P is outside the angle A,MA,,
then the optimal load factor used is boundary load factor,
either n=n_;, or n=n_, depending on whether H}>Hj3 or

H}> H}, where H? and H‘ are defined in Eqs. (31), and a, is
the same as that in Eq. (32). However, now

a;,=(—d,ngy,) 37

From Fig. 4b, if Pis above P, then 3> H}, hencen=n,,, .
If Pis below P, then H} < H?%, hence n=n,,,. It is clear that
when P, <0, i.e., when P, <0, boundary » is used. This, of
course, is on a C or S arc. On the other hand, a B arc can be
flown with either an interior or a boundary n. In the case
P=P, where H*=H3 for a finite time interval, there may
exist a chattering control with C arc in which » rapidly
switches between n;, and n_,,,. As n_;, becomes larger, MA,
moves upward and P, moves downward, until n, =n_.;
then MA, =MA, and P,= — |P_|k. In the case where P, >0
and 2=0 for a finite txme mterval there may exist a period of
flight with B arc and n=0 as long as n;, <0.

From the previously given four arcs of the aerodynamlc
control, it is seen that the optimal aerodynamic controls are
functions of Py, Py, and P, associated with V. Since P, is
known, the adjoint variables remaining to be found are P,
and P, . Their differential equations are coupled with the
equatlon of P,. With the existing integrals one of the three
adjoint equations of Py, P, and Py can be deleted. It is
found that in order to save substantlal computatlon time and
to enhance real-time, on-line optimization, it is simpler to
integrate the adjoint equations of P, and P, and obtain P,
from the existing integrals. From Hamiltonian Eq. (17) we
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deduce the adjoint equations of P, and P, . For interior ‘¢ and
interior n,

dvpP .
& Y =—C,+Pyg {;rm (2= Tinax,, ) — 2siny
1. n? n? 4n?
—_—— * *
+2E‘ [(A A)CLM (A+ A)E A ]}
2
(ncosqS cosy) +P, gnsing
Veosy
dP

EY =C, Vsinycosy + C, Vsinysiny — P, Vcosy
gsiny _p gnsingsiny

+Pygcosy—P,
vECosY— Vv Y Veos?y

(38)

\

In the preceding equations the Hamiltonian integral has been
used for simplification. In Eqs. (38), {=1, ¢ is given in Eq.
(25) and n is given in Eq. (30). For interior ¢ and boundary n,
if n=n,, then the adjoint equations are given in Eqs. (38) with
¢ given in Eq. (25). If n =M2CLmax /w, then

dvpP ' .
o Y = —Cy+Pyg {grmax(z ~ Traxy, ) — 28i0Y
1 n? n? 2n?
+ 3 (0= 5 )t~ (a+ T B+ ey, |
g - gnsing
-P, % (2cos'y +ncos¢Cp ) -P, —VE Limaxyg
dpP

EI =C, Vsinycosy + C, Vsinysiny — P, Vcosy

gsiny gnsingsiny
14 ¥ Veosty

+ Pygecosy—P, 39

In the preceding equations, ¢ is given in Eq. (25). For
boundary ¢ and interior n, if ¢, is a constant, then the
adjoint equations are given in Eqs. (38) with {=1, ¢=¢,,,
and n is given in Eq. (36). For boundary ¢ and boundary n, if
n=ng, then for a constant ¢, the adjoint equations are
given in Egs. (38) with ¢ =¢, .. If n= MZCL /@ then for a
constant ¢, the adjoint equations are given n Eqs (39) with
¢ Dmax- 1f n=n;,, then for a constant ¢, and a constant
n.;, the adjoint equations are given in Eqs. (38) with ¢ =¢ .

Optimal Switching

The behavior of the switching function P, determines the
thrust magnitude control. ‘At the junction of the different
thrust control arcs, the switching function P, is zero. It
suffices to analyze the sign of dP,/dt at P, =0 to determine
the optimal switching. For a junction between two non-
singular thrust arcs, a C-B sequence is optimum if at the
junction dP,/d¢>0. For a reverse condition, a B-C sequence
is optimum. In the case where dP,/d¢=0 at the switching
point, the optimal switching is determined upon analyzing the
high-order derivative of the switching function. !?

As seen in Fig. 4, if P#0 at the switching point, then
boundary # is used. With # on the boundary and P, =0, by
using the Hamiltonian integral we have

dP OH* 1 2
dtV =-5y = f/{--C,,+P_Y|:7(ncosqb—cos'y) _

2gnsing B gsing 8_n )] (40)

on
—gcoss 21 |+, (222500
gcos¢aV]+ 4 Vcosy cosy OV

«
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If n=n, at the switching point, then dn/dV =0 and Eq. (40)
becomes )

P, 1
a v

(nscoscb —cosy) +P,

[ C,,+P 2gn, 51n¢]( 1

Ve

Using this equation, a switching from a C arc to a B arc is
optimum if

2gn sing
Veosy

(n cosp — cos'y) +P, >C, 42)

For a switching from a B arc to a C arc to be optimum, the
preceding inequality is reversed. Along an S arc, which is a
singular thrust arc, P, =0 for a finite time interval. Hence, we
constantly have dP;/d¢=0. By taking the derivative of this
equation, where dP,/df is given in Eq. (41), we have an
equation for the linear thrust control

d2p ‘C,g
dtz” = 7" oo (. )=0 43)

Since the order of the singular thrust arc is ¢ =1, according to
the generalized Legendre-Clebsch condition, for optimal
condition the coefficient of {r,,, must be non-negative.
However, since we know that C, >0, the optimal condition is
not satisfied.

If n=M? CL (M) /w at the switching point, then Eq. (40)
becomes
dP, 17 g
T [Co +P, v (2cosy + ncosqSCLmaxM )
gnsing ]
P
v Veosy CLmaXM (44)

Using this equation, a switching from a C arc to a B arc is
optimum if

gnsing

C,+P =—
07"y Y Veosy

maxjs

£
% (2cosy +ncos¢C Luvaxyg )+ P,

CS))

This inequality is reverse for a switching from a B arctoa C
arc to be optimum. Along an S dP,/d¢=0 for a finite time
interval. By taking the derivative of arc, we have P, =0 and

dP,/dt=0, where dP,/dt is given in Eq. (44), we have the

equation for the linear thrust control
d?P, /AP = At +(. . )=0 (46)

where the coefficient of {7, has the form

_ gncoso
A= GG+, (55
+P gnsing 47
¥ Veosy ) [2+ R — (CLmaXM ) MD “7

with non-negative A for the optimal condition. Obviously,
this optimal condition is not satisfied with C;,  independent
of the Mach number. This is particularly true in the case of
maneuver at low Mach number. For any prescribed function
C ey (M), the explicit condition A =0 defines a small region
in the state variable and adjoint variable space where S arc can
be optimal.

In the case where P=0 and the interior ¢ is used at the
switching point, from Eq. (26) we have A=0. Hence, P, =0
and P; =0 which implies that P, =0 and P, =0 as long as
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Vcos'y¢0 From Eq. (25) and Eq. (30), the limiting values of
¢ and # at this point are, respectively,

tang=a,/a, 48)
and
n=AFE*a,/ C‘ocosqbsiny 49)
where
a; = Vsiny (C,cosy — C,siny)
a,=Cycosy— C, Veosy —C, Vsiny (50)
and ¢ in Eq. (49) is obtained from Eq. (48). At this point,
from the equation for VP, in system Egs. (38), dP,/dt=
—C,/ ¥V <0. The connection is from a B arc to a C arc.
However, if P=0 and boundary ¢ is used at the switching
point, from Eq. (33) 2=0. From Eq. (36) the limiting value of

n at this point is

_ AE*[(a,Vsing +a,Vcos¢) — P, gsingcosy]
- siny (C, V'+ 2P, gcosy)

(51

where a, and a, are given in Eqs. (50). At this point, from the
equation for VP, in system Eq. (38)

dP, 1 ( 2P_gcosy
=-=(c _J___)
dt y\Cot Ty 52)

A switching from a C arc to a B arc is optimum if
Co+2P, gecosy/ V<0 (5%

For a switching from a B arc to a C arc to be optimum, the
preceding inequality is reversed. Along an S arc, we have
P,=0and dP,/d¢=0 for a finite time interval. By taking the
derivative of dP,/d¢=0, where dP,/d¢ is given in Eq. (52),
we have an equation for the linear thrust control

d?pP Cg
dt2V =- —VQ? T +C -2

0 (54)

]

with —C,g/V?=0 for optimal condition. However, this
optimal condition is not satisfied with C;,>0. In the case
where P, =0 at the switching point, from Q=0 it is obvious
that P, =0. From Eq. (51) the limiting value of n becomes

%

Cosin

n= (a Sing . +a,cosé,..) (55)

At this point, from Eq. (52), dP,/dt= —CO/V<0 The
connection is from a B arcto a C arc.

Based on the preceding discussion of optimal switching, we
can have some conclusions on the final arc of an optimal
trajectory. According to the constraints on Vs vy, and \ﬁf,
problems of flight in three dimensions can be classified into
two cases, i.¢., the case where V, is free and the case where ¥
is prescribed.

In the first case V' is free; hence, P, =0. Since P, =0, the
thrust control for the final arc is dictated by the derivative of
the switching function P,. The condition dP,/d¢>0 at the
final time dictates a final C arc. If the inequality reverses, we
have a final B arc, since at this point P, is decreasing to the
final value zero. In this case of free V, there exist four dif-
ferent situations. First, v, and are free; hence,
P =P, =0. Since P=0 at the final point, for unbounded ¢
the 11m1 ing values of ¢ and n at the final point are glven in
Eqgs. (48) and (49), respectively. For bounded ¢, if ¢,=6 .,
then the limiting value of # at the final point is given in Eq.
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(5\5). Since dP,}/dt= ~Co/ V<0 at the final point, the final

arc is always a B arc. Second, v is free and \&f is prescribed;

hence, P, =0 and P, #0. Since P30 at the final point, n p is
always on the boundary. For unbounded bank angle, ¢, is
nearly 90 deg, since from Eq. (25) tan¢— oo at the final point,
and ¢,=¢,,, for bounded ¢. For n;=n,, condition Eq. (42)
with P =0 at the final time dictates a final C arc. If this
resulting inequality reverses, the final arc is a B arc. For
n;=MiC,
trme dlctates a final C arc. If this resultmg inequality reverses,
the final arc is a B arc. Third, Vs is prescribed and lﬁf is free;

. hence, P #0 and P,.=0. Since P#( at the final point, ng is -

always on the boundary and from Eq. (25) ¢,=0. For n,=n,,
condition Eq. (42) with P, =0 at the final tlme dictates a final
. C arc. If this resulting inequality reverses, the final arcisa B
arc. For n,=M? CL /wf condition Eq. (45) with P‘U—O at
the final tlme dlctates a final C arc. If this resulting inequality
reverses, the final arc is a B arc. Lastly, both v, and ¥, are
prescrlbed hence P f¢0 and P, f;tO Since P#({ at the fmal
time, 71, is always on the boundary and ¢, is given in Eq. (25).
For n;=n,, condition Eq. (42) at the final time dictates a final
C arc. If this resulting inequality reverses, the final arc is a B
arc. For n,=M3C, _  /w,, condition Eq. (45) at the final time
dictates a final C arc. If this resulting inequality reverses, the
final arc is a B arc.
In the second case V, is prescribed; hence Py, #0. In this

case there also exist four different situations Wth{l are similar-

to those in the first case of free V;. Hence, by similar
procedures the optimal control of the last portion of the
trajectory can be analyzed.

In the most general case, the solution requires the
estimation of five parameters, i.e., C;, C,, C;, Py,, and P,
This, coupled with the optimal sw1tchmg from one control
regime to another, constitutes the main difficulty of the
problem. The success in obtaining the solution depends on the
knowledge of the particular flight program considered.

Numerical Examples
Minimum-Time Three-Dimensional Turn to a Heading
In this problem the initial conditions are

1=0, X=0,Y=0, Z=Z,, V=V,, y=v,, y=0deg (56)
and the final conditions are
}tf=min, X =free, Yf= free, Z=2,
Vy=free, y,=free, y=9; (57
Hence, the transversality conditions are
C;=0, C,=0, P,,f=0, P,Yf=0 | (58)

Since C; =0 and C, =0, the number of parameters is reduced
. from five to three. Therefore, the problem in terms of Cj,

Py,, and P, is a three-parameter problem. These three
parameters are to be selected to satisfy the final conditions
Eq. (57) and the transversality conditions Eq. (58). For this
numerical example we choose ¥, = 180-deg and Zf>Zo, i.e.,
the problem of minimum-time supersonic chandelle, which is
a three-dimensional 180-deg climbing turn. Since we are
interested in generating a family of optimal trajectories of
minimum-time supersonic chandelle starting from the offset
point,t referred to as the initial point, to the different final
altitudes depending on the arrival at the attack cone, we can

tOffset point is defined here as the position when the supersonic
fighter arrives at Mach two and is ready to immediately initiate the
minimum-time supersonic chandelle to reach the attack cone. The
attack cone is any position to the rear of the target from which we can
maneuver and overtake the target into the position of the weapon
firing ranges.

/wf condition Eq. (45) with P f—O at the final:
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use one parameter as a scanning parameter. Hence the
problem becomes a two-parameter problem. For the solution
we select C; as a scanning parameter, and for each C; we

- guess Py, and P, and start the mtegratron of the state Egs.

(1) and the ad_]omt Eqgs. (38) and (39) using the optimal thrust
and aerodynamic control law. At ¥, = 180 deg, the conditions
Py,=0 and P,.=0 are used to adjust the two unknown
parameters Py, and P,,. This resuitsin a Z,. Figure 5 shows
the results of a famlly of trajectorles 1-5 obtamed by runnmg
a very high-speed digital computer in real-time, on-line using
the data of the supersonic fighter model. In this problem, the
minimum-time supersonic chandelle is designed to complete a
course reversal climbing from Z;=8 km to a higher altitude
which lies somewhere between Z, =18 km of trajectory 1 and
Zf= 19.5 km of trajectory 5. Thrs altitude gain is now func-
tion of C;. Note that higher altitude gain corresponds to
higher C;, and for each C,; a final altitude can be obtained.
On the other hand, the Mach number decreases from an initial
Mach two to a lower M, [, which is between 1.21 of trajectory 5
and 1.35 of trajectory 1. Thus, for higher Z, the M, is lower.
The final altitude of trajectories 1, 2, 3’ 4, and 5 are,
respectively, 18, 18.4, 18.7, 19, and 19.5 km; and their final
Mach numbers are, respectively, 1.35, 131, 1.28, 1.26 and
1.21.

The constraints ¢, =1.5 rad and n, =4.5 are imposed on
all the five trajectories. The difficulty in evaluating P,, when
v, =0 is avoided by using initially a slightly positive value of
v, since the trajectory has the tendency to start with a climb
for a high initial Mach two. As predicted, the last portion of -
each of the five trajectories is flown with boundary ¢ and
boundary n. Since n ,-M Clroay/ @5 15 used at the final point,
condition Eq. (45) with P —0 1s not satisfied for any of the
five trajectories at the ﬂnal time for the given function
C ... (M) . Hence, as predicted, the final arc is a B arc for all
five trajectones

Minimum-Time Three-Dimensional Turn to a Point

In this problem, the initial conditions are the same as those
in the previous problem of turn to a heading, but the final
conditions are now

t;=min, X=X, Y=Y, Z=Z, V,=free, y,=free, ¢=,¢f
' (59)
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Hence, the transversality conditions are now the final time for the given function C, . (M). Hence, as
' predicted, the final arc is a B arc for all five trajectories.
In the case where ¥ is free, we have
P — 'y P ) =
v 0 vy 0 (60)

Since X, and Y, are now prescribed, we have C;#0 and
C, #0. The problem in terms of C;, C,, C3, Py,, and P, isa
five-parameter problem. These five parameters are to be
selected to satisfy the final conditions Eq. (59) and the
transversality conditions Eq. (60). To obtain the solution we
guess C,;, C,, C;, Py, and P, , and start the integration of the
state Egs. (1) and the adjoint Egs. (38) and (39) using
optimal thrust and aerodynamic control law. At ¥=y, the
conditions on X=X, Y= Y, Z=2Z,, P,,f=0, and P.Yf=0
are used to adjust the five unknown parameters. Figure 6
gives a comparison of five trajectories whose initial con-
ditions are the same as those in Fig. 5. As in the previous
example, all five trajectories in this figure are generated in
real-time, on-line. They all have the same h;=19 km and the
same ¢f= 180 deg but different prescribed X, and different
prescribed Y. For trajectory 1, X, = 10.5 km and Y,=9 km;
for trajectory 2, X,=10.5 km and Y,= 8 km; for trajectory 3,
X;=10.4 km and Y,=5.5 km; for trajectory 4, X,=10.2 km
and Y,=4.4 km; and for trajectory 5, both X, dand Y, are
free. For comparison to the maneuver of turn to a heading in
the previous example, trajectory 5 in this figure is a duplicate
of trajectory 4 in Fig. 5. The final time for trajectories 1, 2, 3,
4, and 5 in Fig. 6 are, respectively, 40.1, 38.8, 36, 34.8, and
32.3 sec. Comparing trajectory 5 with the other four
‘trajectories it is seen that for the same prescribed Z,=19 km
and the same prescribed ¥ ,=180 deg, trajectory 5 with free
Xy and free Y, has the shortest final timeé. As seen in Fig. 6,
for the same prescribed X,;=10.5 km, trajectory 1 has a
longer prescribed Y, than trajectory 2 and, therefore, takes
longer time to complete. In general, for the same prescribed
Z, and Y= 180 deg, three-dimensional turns with larger X,
and Y, require longer time to complete. )

As ‘in the previous numerical example, the constraints
b =1.5 rad and n =4.5 are imposed on all the five
trajectories in this problem. Again, the difficulty in evaluating
the initial value of P, when v, =0 is avoided by using initially

. a slightly positive value of vy, since the trajectory has the
tendency to start with a climb for a high initial Mach two. As
predicted, the last portion of each of the five trajectories is
flown with boundary ¢ and boundary n. Since
n,=M?C, . /wisused at the final point, condition Eq. (45)
with P.,f=0 is not satisfied for any of the five trajectories at

P, =C,Y;~C,X;+C;=0 (61
Using this condition we have
Py=C(Y-Y,)-C(X—-X,) (62)

" Therefore, it is obvious that in this case of free ¥, the number
of parameters is reduced from five to four. The problem in
terms of C,, C,, Py,, and P, is a four-parameter problem..
To obtain the solution, we guess these four parameters and
start the integration of the state Egs. (1) and the adjoint
equations using the optimal thrust and aecrodynamic control
law. At Z, the conditions on Py, =0, P, =0, P, =0, and
X=X, are used to adjust these four unknown parameters. As
mentioned previously, since P,,f=0, P =0, and P;.=0 the
final arc is always a B arc. For unbounded ¢, the limiting
values of ¢ and n at the final point are given in Eqs. (48) and
(49), respectively. For bounded ¢, if ¢,=¢,,, then the
limiting value of n at the final point is given in Eq. (55).

Conclusion

On the whole, this paper presents clearer insight into the
thrust and aerodynamic -controls in supersonic aircraft
maneuvers as compared to what has been done in the past.
The proposed method of solution is efficient and presents no
ambiguity on the selection of the optimal thrust-to-weight
ratio, the bank angle, and the angle-of-attack (lift coefficient
or load factor) controls. The technique should be useful for
performance assessment of supersonic aircraft with potential
for implementation of onboard flight control system.
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and optical characteristics of coatings.
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